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Abstrat
In this paper a theoretial model of a magneti white dwarf is stud-
ied. All numerial alulations are performed under the assumption of
a spherially symmetri star. The obtained equation of state is stier
for the inreasing value of magneti eld \(B\). The numerial values
of the maximum mass and radius are presented. Sensibility of the re-
sults to the hoie of the magneti eld strength is evident. Finally the
departure from the ondition of isothermality of degenerated eletron
gas in gravitational eld is disussed.
1 Introdution
The possibility of the existene of white dwarfs with large magneti elds
was predited by Blakett in 1947. Ever sine Kemp et al. in their paper
presented results of the rst detetion of magneti white dwarfs, these kind of
stars have been intensively studied (Kemp et al. 1970; Putney 1995; Reimers
et al. 1996; Jordan 1992; Chanmugan 1992; Ostriker et al. 1968; Mathews
et al. 2000). However, only a small minority (the exat perentage remains
unertain) of white dwarfs have detetable magneti elds. The study of
magneti properties of white dwarfs are expeted to provide information on
the role played by magneti elds in the stellar formation and the main
sequene evolution. Magneti elds in white dwarfs are interpreted as the
reli of magneti elds of their progenitors. Thus the evolution of the main
sequene stars with elds of only a few Gauss leads to white dwarfs with
weak magneti elds whih remain below the threshold detetion. Magneti
Ap and Bp stars are onsidered themselves as progenitors of magneti white
1
dwarfs with the eld strength > 100 MG.
The aim of this paper is to show how the assumption of nite tempera-
ture and nonzero magneti eld inuenes white dwarf parameters. In the
presene of magneti eld the magneti pressure whih orresponds to the
Lorene fore has to be taken into aount. However, its inlusion auses the
deformation of a star from spherial onguration, (Konno et al. 1999). In
this paper all alulations are performed with the assumption that the aver-
aged value of the energy momentum tensor gives us the ondition for small
deformation of a star and allows to treat a star as a spherially symmet-
ri one. This approximation is onneted with the existene of the ritial
density ρcrit below whih a star beame deformed. The gained results allow
to onstrut the mass-radius relation for a white dwarf with the magneti
eld and at nite temperature whih has been hosen to be equal 107 K.
The desription of the interior of a white dwarf has been made in terms of
degenerate, uniform, isothermal, eletron gas. Using the equation of state
of lassial gas the atmosphere model has been formulated. The atmosphere
extent, luminosity, eetive temperature and the value of the ritial den-
sity ρcrit as funtions of the temperature, density and magneti eld strength
have been examined. The determination of the ritial point allows to neglet
the deformation of the star and perform all alulations in the spherially
symmetri approximation.
This paper is organized as follows.
Setion 2 outlines the onsidered model and ontains assumptions whih are
indispensable in determining the form of the energy momentum tensor and
the value of the ritial density ρcrit. In setion 3 the numerial results and
the disussion are presented.
2 The theoretial model of white dwarfs in the mag-
neti elds
This paper presents the theoretial model of a white dwarf in whih the
main ontribution to the pressure whih supports the star against ollapse
omes from ultra-relativisti eletrons . The eletrons are supposed to be
degenerate with arbitrary degree of relativity x = kFme (in this paper the
units in whih c = ~ = 1 were used ). The value of x is a funtion of
a density. Ions provide the mass of the star but their ontribution to the
pressure is negligible. The omplete and more realisti desription of a white
dwarf requires taking into onsideration not only the interior region of the
star but also the atmosphere. The isothermal interior of a white dwarf is
2
ompletely degenerated and overed by non-degenerate surfae layer whih is
in radiative equilibrium. Thus the white dwarf matter onsists of eletrially
neutral plasma whih omprises positively harged ions and eletrons.
The Lagrangian density funtion in this model an be represented as the
sum
L = Le + LG + LQED, (1)
where Le, LG desribe the eletron and gravitational terms, respetively.
The LQED is the Lagrangian density funtion of the QED theory
LQED = −1
4
FµνFµν .
The eletron part of the Lagrangian is given by
Le = iψeγµDµψe −meψeψe,
where Dµ is the ovariant derivative dened as Dµ = ∂µ − ieAµ and e is
the eletron harge. The Dira equation for eletrons obtained from the
Lagrangian funtion L has the form
(iγµDµ −me)ψe = 0.
The vetor potential is dened as Aµ = {A0 = 0, Ai} where
Ai = −1
2
εilmx
lBm0 .
The symmetry in whih uniform magneti eld B lies along the z-axis has
been hosen
Bm0 = (0, 0, Bz).
The energy momentum tensor is the sum of the perfet uid part Tmattµν
Tmattµν = (ε+ p)uµuν + gµνp,
and the eletromagneti one TBµν
TBµν = F
λ
µFνλ −
1
4
gµνFαβF
αβ
and an be alulated taking the quantum statistial average
T¯µν =< Tµν >= T
B
µν + T
matt
µν .
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In the artesian oordinates the eletromagneti part of the energy momen-
tum tensor in the at spae-time has the form
TBµν =


1
2B
2 0 0 0
0 12B
2 0 0
0 0 12B
2 0
0 0 0 −12B2

 , (2)
and presents the example of the anisotropi pressure. In general the pressure
of the eletron gas in the magneti eld an be written as the sum of two
parts
P = Pe + PQED
where Pe is the isotropi part of the pressure, PQED an reah the value
±12B2 and auses that the pressure beame anisotropi. On the other hand
TBµν for polar oordinates an be written as follows

1
2B
2 0 0 0
0 −12B2 cos 2θ 12B2r sin 2θ 0
0 12B
2r sin 2θ 12B
2r2 cos 2θ 0
0 0 0 12B
2r2 sin2 θ

 .
Averaging over all diretions allows to obtain the isotropi form of the energy
momentum tensor relevant for the spherially symmetri onguration

1
2B
2 0 0 0
0 16B
2 0 0
0 0 16B
2 0
0 0 0 16B
2

 .
The assumption of the positivity of the total pressure P has been made
Pe − 1
2
B2 ≥ 0.
Any negative ontribution to the pressure redues it, gravity an not be
ompensated and this diminishes the radius of the star. The desribed above
averaging approximates a star as a spherially symmetri objet with the
radius R whih is smaller than the equatorial radius of the anisotropi star.
The ase of an anisotropi star is alulated in details in the paper by Konno
et al. (Konno et al. 1999). The ondition of the positivity of the total
pressure establishes a limiting value of the density noted ρcrit or the ritial
4
point xcrit and puts limit on the spherially symmetri approximation (the
deformation of the star is negleted). For densities smaller than the ritial
one the total pressure beame negative and there is no gravity ompensation
in this diretion.
The equations desribing masses and radii of white dwarfs are determined
by the proper form of the equation of state. The aim of this paper is to
alulate the equation of state for the theoretial model of magneti white
dwarfs with the assumption of nite temperature.
Properties of an eletron in the external magneti eld have been studied,
for example by Landau and Lifshitz in 1938 (Landau et al. 1938). In this
paper the eets of the magneti eld on an equation of state of a relativisti,
degenerate eletron gas is onsidered. The motion of free eletrons in the
homogeneous magneti eld of the strength B in the diretion perpendiular
to the eld is onned by the osillatory fore determined by the eld B and
is quantized into Landau levels with the energy nB, n = 0, 1, . . .. In the ase
of non-relativisti eletrons their energy spetrum is given by the relation
En,pz = nωc +
p2z
2me
where n = j+ 12+sz, the ylotron energy ωc = eB/me, pz is the momentum
along the magneti eld and an be treated as ontinuous. For extremely
high magneti eld the ylotron energy is omparable with the eletron
rest mass energy and this is the ase when eletrons beame relativisti.
Introduing the idea of the ritial magneti eld strength Bc = m
2
e/ | e |
whih equals 4.414×1013 G, it is easy to distinguish between non-relativisti
and relativisti ases, for B ≥ Bc the relativisti dispersion relation for the
eletron in the magneti eld is given by
En,pz =
√
p2z +m
2
e + 2eBzn (3)
where n is the Landau level, pz is the eletron momentum along z-axis and
me is the rest mass of the eletron. Along the eld diretion a partile motion
is free and quasi-one-dimensional with the modied density of states given
by a sum
2
∫
d3p
(2π)3
→ 2
∞∑
n=0
[2− δn0]
∫
eBz
(2π)2
dpz, (4)
δn0 denotes the Kroneker delta (Mathews et al. 2000). The spin degen-
eray equals 1 for the ground (n = 0) Landau level and 2 for n ≥ 1. The
redened density of states makes the distintive dierene between the mag-
neti and non-magneti ases. The equation (3) implies that for n = 0,
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E0 =
√
p2z +m
2
e whereas for n ≥ 1 En =
√
p2z +m
⋆2
e . These relations indi-
ate that the quantity m⋆e dened as m
⋆2
e = m
2
e + 2eBzn an be interpreted
as the eetive eletron mass whih is dierent from the eletron mass me
for n ≥ 1. The number density of eletrons at zero temperature is given by
the following relation
ne =
n=nmax∑
n=0
[2− δn0]2eBzpFe .
The maximum Landau level is estimated from the ondition (pFe )
2 ≥ 0. One
an dene the ritial magneti density ρB
ρB = 0.802 Y
−1
e γ
3/2g cm−3 (5)
(γ = Bz/Bc means a dimensionless parameter whih expresses the magneti
eld strength through the value of the ritial eld Bc) for densities lower
than ρB only the ground Landau level is present.
Assuming the nite temperature of the system whih aets the eletron
motion in the external magneti eld the number density of eletrons an be
expressed now as
ne =
2m3eγ
4π2
∑∞
n=0[2− δn0]× (6)
(I0,0,+(z/t, 1 + 2γn)− I0,0,−(z/t, 1 + 2γn))
where the Fermi integral
Iλ,η±(u, α) =
∫
(α+ x2)λ/2xηdx
e(
√
α+x2∓u) + 1
(7)
has been used. The µ⋆ and T⋆ denote the hemial potential and temperature
in the star interior and z = µ⋆/me, t = kBT⋆/me, u = z/t (Lai 2000;
Bisnovatyi-Kagan 2000). Finite temperature together with dereasing value
of the strength of the magneti eld tend to smear out Landau levels. The
introdution of the onept of Fermi temperature
TF = EF/kB = (me/kB)ǫF (forρ < ρB), (8)
and the magneti temperature
TB =
∆EB
kB
(9)
= mekB
(√
1 + 2nmaxγ + 2γ −
√
1 + 2nmaxγ
)
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where ∆EB is the energy dierene between the nL = nmax level and the
nL = nmax+1 level, is the onvenient way for desribing how the properties
of free eletron gas hange at nite temperature and at the presene of the
magneti eld. For ρ = ρB these temperatures equal TF = TB. The inu-
ene of the magneti eld is most signiant for ρ ≤ ρB and T ≤ TB when
eletrons oupy the ground Landau level. In this ase one an deal with
the strong quantizied gas and the magneti eld modies all parameters of
the eletron gas. For example, for degenerate, non-relativisti eletrons the
pressure is proportional to ρ3 and this form of the equation of state whih
one an ompare with that for the ase B=0 for whih P ∼ ρ5/3. When
ρ > ρB the Fermi temperature is still greater than the magneti tempera-
ture TB. Eletrons are degenerate and there are many Landau levels, now
the level spaing exeeds kBT . The properties of the eletron gas are only
slightly aeted by the magneti eld. With inreasing temperature, there is
the thermal broadening of Landau levels, when T ≥ TB, the free eld results
are reovered. For T ≫ TB there are many Landau levels and the thermal
widths of the Landau levels are higher than the level spaing. The magneti
eld does not aets the thermodynami properties of the gas (Lai 2000 ).
The total pressure of the system an be desribed as the sum of the pres-
sure oming from eletrons and ions plus small orretions oming from the
magneti eld
P = Pe + PQED.
The ontributions from the same onstituents form the energy density
ε = εion + εQED,
where PQED =
1
6B
2
, εQED =
1
2B
2
. The eletron pressure is dened with the
use of the Fermi integral
Pe =
2γm4e
4π2
∑∞
n=0[2− δn0]× (10)
I−1,2,+(z/t, 1 + 2γn) + I−1,2,−(z/t, 1 + 2γn)).
The ion energy density has the simple form
εion =
(
A
Z
)
nemB, (11)
where mB is the baryon mass. The ions are very heavy and are treated as
lassial gas. The inuene of the magneti eld for ions is very small and
this orretion to the equation of state has been negleted.
The pressure and energy density dependene on the hemial potential µ⋆
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determines the form of the equation of state, whih is alulated in the at
Minkowski spae time. The obtained form of the equation of state is the
fundamental input in determining marosopi properties of a star. Outside
the stati spherially symmetri body the metri has the form
ds2 = eν(r)dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdϕ2,
where ν(r) and λ(r) are metri funtions. The ovariant omponents of the
metri tensor
gµν =


eν 0 0 0
0 −eλ 0 0
0 0 −r2 0
0 0 0 −r2sin2θ

 . (12)
together with the speied form of the energy momentum tensor Tµν allows
to derive the struture equations of a spherially symmetri star (Tolman
Oppenheimer Volko equations)
dP (r)
dr = (13)
= −G
r2
(ρ(r) + P (r)) (m(r)+4πP (r)r
3)
(1− 2Gm(r)
r
)
dm(r)
dr
= 4πr2ρ(r). (14)
As the solution the mass-radius relation for white dwarfs is obtained.
The analyzed model of the white dwarf has to inlude both the ore of
degenerate isothermal eletrons and the atmosphere where the temperature
hanges with the radius. In this ase the equation of hydrostati equilibrium
has to be supplemented by the transport equation
d(eν(r)T )
dr
= − 3
16σ
κρ
T 3⋆
L
4πr2
eν(r)√
1− 2Gmr
, (15)
where eν(r) is the redshift, L is the luminosity, κ is the opaity of the stellar
material and σ is the Boltzmann onstant. After negleting small orretions
oming from the general relativisti form of the equation (15) and using
the ondition of isothermality T⋆ = const it is possible to determine the
luminosity of a white dwarf. In the result the total radius of a white dwarf
an be obtained from the relation
R =
(
1
R⋆
− T⋆
GM
kB
µ˜
4.25
)−1
, (16)
8
( Shapiro et al. 1983 ). In this relation R⋆ is the ore radius and µ˜ is the
moleular weight of the gas partiles. The boundary onditions for the equa-
tion (13) are giving in the following form: P (r = 0) = Pc = P (ρc) where
ρc denotes the density at the enter of the star whih in this paper ranges
from 105 g cm−3 to 1011 g cm−3. The ondition P (r = R) = 0 determines
the star radius R. For suh boundary onditions the value of the magneti
eld and temperature are limited to the following values T = 0 − 107 K,
γ = 0− 0.1, respetively. The results are presented in gures 1-3.
Studying the properties of a star in the framework of the general-relativisti
Thomas-Fermi model one an made the assumption that the temperature
and hemial potential are metri dependent loal quantities and the gravi-
tational potential instead of Poisson's equation satises Einstain's eld equa-
tions. The energy momentum onservation T µν;ν = 0 whih for spherially
symmetri metri (??) an be written as
dν
dr
= − 2
P + ρ
dP
dr
(17)
together with the Gibbs-Duhem relation and with the assumption that the
heat ow and diusion vanishes, (Israel 1976) give the ondition
µ⋆
T⋆
= const. (18)
This implies that the temperature and hemial potential beome loal met-
ri funtions
T (r) = e−ν(r)/2T⋆ (19)
µ(r) = e−ν(r)/2µ⋆ (20)
where T⋆ and µ⋆ are onstant. The rst equation in (19) is the well known
Tolman ondition for thermal equilibrium in a gravitational eld, (Tolman
1934). Now, the Fermi-Dira distribution funtion has to be redened and
is given in the following form
1
e(
√
1+x2+2γn−z0)/t⋆+1
→ 1
e(e
ν(r)/2
√
1+x2+2γn−z0)/t⋆+1
= 1
e(
√
1+x2+2γn−z(r))/t(r)+1
,
( Bili¢ et al. 1999). In the result instead of the OTV equilibrium equations
together with the equation of state whih has been alulated in the at
spae-time one an derived three self-onsistent equations (13,14,17). These
equations together with the loal form of the equation of state are now fun-
tions of r. This is of partiular importane in the ase of strong gravitational
elds.
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3 Disussion
In order to onstrut the mass-radius relation for white dwarfs the proper
form of the equation of state have to be enumerated. For our needs we have
hosen the plasma as the main onstituent of the theoretial model of the
white dwarf interior. All alulations have been performed at nite temper-
ature and dierent from zero magneti eld and ompared with those of zero
temperature and without magneti eld.
In Fig. 1 the applied forms of the equations of state for magneti and non-
magneti white dwarfs have been presented. Dots indiate the loation of
ritial points. The approximation of spherial symmetry an be used for
densities grater than the ritial one ρcrit. The inlusion of the magneti eld
makes the equation of state stier. In the ase of zero temperature model
there are learly visible Landau levels whih beame smear out when the -
nite temperature is inluded. The gure in the subpanel shows the equation
of state obtained for the low density range for the zero temperature ase, Lan-
dau levels are visible. In Fig. 2 the mass-radius relations for magneti white
dwarfs are presented. For eah value of γ the maximum mass has nearly
the same value however the approximation of spherial symmetry whih is
onneted with the existene of ritial point determines the onguration
with maximum radius. For the sake of ompleteness this gure inludes also
the mass-radius relation obtained for the equation of state of Hamada and
Salpeter (Hamada et al. 1961). The solid line represents the nonmagneti
ase whih has been get with the use of the Hamada Salpeter equation of
state. Dashed and dotted urves have been onstruted for dierent values
of the magneti eld strength. The dierenes between these urves are very
small. The most important eet onerns the position of the ritial points
onneted with the applied approximation of the spherial symmetry. In
this approximation stable white dwarf ongurations exist only for densities
higher then ρcrit. Thus the ritial points on the urves determine ongu-
rations with maximal radius R. The stronger the magneti eld the smaller
the white dwarf radius is. The most extended objets are obtained for the
weakest magneti elds. Using the Thomas-Fermi approximation one an
obtain the result in whih the star interior is no longer isothermal. The tem-
perature proles are presented in Fig. 3 for the xed values of the entral
density ρc. The temperature has been hanged but not in a signiant way.
This is in agreement with the value of the gravitational potential whih in
the ase of white dwarfs is muh smaller than that obtained for neutron stars.
The higher the entral density the more visible are hanges in temperature
inside the star. For the entral density ρc = 10
10gcm−3 the temperature dif-
10
ρc [g cm
−3] TB [K]
7 106 3.2398 107
3 107 2.2115 107
3.5 1010 2.2631 106
Table 1: The magneti temperature TB for the white dwarf with γ = 0.01
and temperature T = 0.
ferene in the enter of the star equals 6 104 K. The magneti temperatures
TB for dierent values of the entral density ρc and dierent magneti eld
strengths are presented in Tables 1, 2, 3. It has been found that TB inreases
with the inreasing value of the magneti eld and dereasing for inreasing
value of the entral density. In Tables 4, 5, 6 the basi parameters of mag-
neti and non-magneti white dwarfs are olleted. For the maximum mass
ongurations the atmosphere extent drop with the inreasing strength of
the magneti eld. The eetive temperature rises with the inreasing mag-
neti eld whereas the luminosity is altered insigniantly. All hanges of
white dwarf parameters are evident in the area of moderate densities. In this
paper a magnetization M in the medium is not inluded. The inlusion of
magnetization hanges the perpendiular to the magneti eld omponent of
a pressure and alters the value of the star radius. In the paper by Felipe it
is stated that for positive magnetization the transversal pressure exerted by
the harged partiles in the magneti eld is smaller than the longitudinal
one by the amount BMe (Felipe et al. 2002). Thus for n = 0 (the ground
Landau level) P⊥ = 0. The vanishing of the pressure means that the insta-
bility whih leads to the gravitational ollapse appear. However, onsidering
the ase of nite temperature it is neessary to take into aount a fat that
the temperature smearing out Landau levels auses the appearane of the
residual pressure whih supports the star against gravitational ollapse. The
instability riterion given by the ondition
nmax ≃ 2 10−21 n
2
e
B3z
sets in for densities equal 5.7 × 103 g cm−3 for γ = 0.01, 5 × 104 g cm−3
for γ = 0.05 and 1.5 × 105 for γ = 0.1. This instability leads to a igar like
objet whereas in the ase onsidered in this paper gives in the limiting ase
a toroidal star.
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Figure 1: The equation of state for dierent ases of temperature and mag-
neti eld strength. Dots represent the position of ritial points. The gure
in the subpanel depits the form of the equation of state onstruted for the
low density range with learly visible Landau levels.
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Figure 2: The mass-radius relations for magneti white dwarfs obtained for
dierent values of the magneti eld strength. The marked points represent
the limiting values of radii for stable spherially symmetri ongurations.
The gure in the subpanel shows the mass-radius relations obtained for the
radius range 1− 1.25R⊙/100. For omparison the nonmagneti ase is on-
struted for the Hamada-Salpeter equation of state (Hamada et al. 1961).
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Figure 3: The temperature prole for dierent entral densities.
ρc [g cm
−3] TB [K]
7 106 1.6199 108
3 107 1.1088 108
3.5 1010 1.1315 107
Table 2: The magneti temperature TB for the white dwarf with γ = 0.05
and temperature T = 0.
The numbers from 1 to 6 denote:
1-the ore radius of the white dwarf 100R⋆/R⊙
2-the total radius of the white dwarf 100R/R⊙
3-the extent of the atmosphere 100∆R/R⊙
4-the eetive temperature Teff [K],
5-the ritial density ρcrit [g cm
−3],
6-the strength of magneti eld γ
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ρc [g cm
−3] TB [K]
7 106 3.2647 108
3 107 2.2255 108
3.5 1010 2.2632 107
Table 3: The magneti temperature TB for the white dwarf with γ = 0.1 and
temperature T = 0.
1 2 3 4 5 6
1.083 1.099 0.0158 13679 − 0
1.089 1.105 0.0159 15822 4.6 105 0.01
1.087 1.103 0.0154 15896 3.6 106 0.05
− − − − − 0.1
Table 4: The parameters of the magneti and non-magneti white dwarf
with the mass 0.74 M⊙, entral density ρc = 7106g cm−3 and luminosity
L = 0.0012 L⊙.
1 2 3 4 5 6
0.807 0.815 0.00870 24633 − 0
0.810 0.818 0.00877 30799 4.6 105 0.01
0.809 0.818 0.00875 30864 3.6 106 0.05
0.807 0.816 0.00872 30991 9.4 106 0.1
Table 5: The parameters of the magneti and non-magneti white dwarf with
the mass 1 M⊙, entral density ρc = 3107g cm−3 and luminosity L = 0.0016
L⊙.
1 2 3 4 5 6
0.130 0.130 0.00022 940946 − 0
0.117 0.117 0.00018 1.60 106 4.6 105 0.01
0.117 0.117 0.00018 1.61 106 3.6 106 0.05
0.111 0.111 0.00016 1.78 106 9.4 106 0.1
Table 6: The parameters of the magneti and non-magneti white dwarf
with the mass 1.42 M⊙, entral density ρc = 3.5 1010g cm−3 and luminosity
L = 0.0023 L⊙.
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